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Abstract
We define (higher rank) spinorially twisted spin structures and deduce various curvature identities as
well as estimates for the eigenvalues of the corresponding twisted Dirac operators.
1 Introduction
The aim of this note is to introduce (higher rank) spinorially twisted Spin structures and prove various
curvature formulas and eigenvalue estimates for the corresponding twisted Dirac operators. Such formulas
and estimates are the higher rank analogues of those proved by Hitchin [4], Friedrich [1], Hijazi [3] and many
others. We begin by noticing that a Spinc structure on a Riemannian n-dimensional manifold M consists
of the coupling of a (locally defined) Spin(n)-structure and an auxiliary (locally defined) U(1) = Spin(2)
structure [1] and, similarly, a Spinq structure on M consists of the coupling of a (locally defined) Spin(n)-
structure and an auxiliary (locally defined) Sp(1) = Spin(3) structure [7]. Here, we consider analogous
twistings with other Spin(r) groups, r ≥ 2, in an attempt to develop spinorial techniques to study the
geometry of manifolds which are neither Spin, nor Spinc, nor Spinq. Although the idea of “twisting” is a
classical one, here we will take advantage of the spin geometry (and the Clifford algebra representation)
carried by the spinorial twists.
A twisted Spin group is defined as
Spinr(n) = Spin(n)×Z2 Spin(r),
where n, r ∈ N. Each factor has a standard spin representation ∆n and ∆r respectively, so that we can
consider the representation of Spinr(n)
∆n ⊗∆r,
and more generally
∆n ⊗∆⊗mr
for oddm ∈ N. These are the representations that we will use to associate twisted spinor vector bundles to an
n-dimensional oriented Riemannian manifold M admitting a Spinr(n) structure (cf. Definition 2.2), whose
sections will be called spinor fields, or simply spinors. By choosing a connection on the induced/auxiliary
SO(r) principal bundle on M , together with the Levi-Civita connection on TM , one can construct a con-
nection on the twisted spinor bundles and talk about parallel and Killing spinors, as well as twisted Dirac
operators and connection Laplacians.
As in the Spin, Spinc and Spinq cases, one can prove (spinorial) curvature identities (cf. (7), (8), (9)).
Such identities render new formulas for the Ricci and the scalar curvatures of M in the presence of either a
parallel spinor (cf. Theorem 3.1) or a Killing spinor (cf. Theorem 3.2), thanks to the introduction of local
2-forms associated to any spinor (cf. Definition 2.1). These formulas involve not only the curvature of the
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connection on the auxiliary bundle, but also the aforementioned 2-forms, whose appearance is made possible
by the introduction of the spinorial twist. Clearly, the existence of parallel or Killing spinors on a manifold
will impose restrictions on its geometry (holonomy), but this topic will be treated elsewhere [2].
We also present a twisted version of the Schro¨dinger-Lichnerowicz formula involving the twisted Dirac
operator and the connection Laplacian, and use the Bochner technique to derive various eigenvalue estimates
analogous to those contained in [4, 1, 3, 8]. We would like to point out that our estimates involve the tensor
power m of the twisting bundle (see Corollary 3.1). On the other hand, Corollaries 3.2 and 3.4 give new
spinor specific criteria to check whether a spinor is parallel, or whether a number can be a Killing constant
in terms of the associated 2-forms of the spinor and the curvature of the auxiliary bundle.
The paper is organized as follows. In Section 2 we recall basic material [1] regarding Clifford algebras,
Clifford multiplication, Spin groups, etc., and define the twisted Spin groups, twisted spin representations
and the 2-forms associated to spinors. We also recall some material about connections on (twisted) spin
bundles and define the twisted Dirac operator and connection Laplacian. In Section 3, we prove various
spinorial curvature identities analogous to those in the Spinc case (Subsection 3.1) and apply them in the
cases of parallel and Killing spinors (Subsections 3.2 and 3.3). We develop in detail a particular example
of parallel twisted spinor on any oriented Riemannian manifold (cf. Proposition 3.3), with the interesting
feature that its associated 2-forms generate a copy of so(n) (cf. Proposition 3.4). Finally. we prove the
twisted Schro¨dinger-Lichnerowicz formula (Theorem 3.4) and prove several corollaries (Subsection 3.5).
Acknowledgements. The second named author would like to thank the International Centre for Theoretical
Physics (Italy) and the Institut des Hautes E´tudes Scientifiques (France) for their hospitality and support.
2 Preliminaries
In this section, we recall basic material that can be consulted in [1] and define the various twisted objects
that will be used throughout.
2.1 Clifford algebra, spin group and representation
Let Cln denote the 2
n-dimensional real Clifford algebra generated by the orthonormal vectors e1, e2, . . . , en ∈
Rn subject to the relations eiej + ejei = −2δij, and Cln = Cln⊗RC denote its complexification. Recall that
Cln ∼=
{
End(C2
k
), if n = 2k,
End(C2
k
)⊕ End(C2k), if n = 2k + 1,
and that the space of (complex) spinors is defined as
∆n := C
2k = C2 ⊗ . . .⊗ C2︸ ︷︷ ︸
k times
.
The map
κ : Cln −→ End(C2
k
)
is defined to be either the aforementioned isomorphism for n even, or the isomorphism followed by the
projection onto the first summand for n odd. In order to make κ explicit, consider the following matrices
Id =
(
1 0
0 1
)
, g1 =
(
i 0
0 −i
)
, g2 =
(
0 i
i 0
)
, T =
(
0 −i
i 0
)
.
In terms of the generators e1, . . . , en of the Clifford algebra, κ can be described explicitly as follows,
e1 7→ Id⊗ Id⊗ . . .⊗ Id⊗ Id⊗ g1,
e2 7→ Id⊗ Id⊗ . . .⊗ Id⊗ Id⊗ g2,
e3 7→ Id⊗ Id⊗ . . .⊗ Id⊗ g1 ⊗ T,
e4 7→ Id⊗ Id⊗ . . .⊗ Id⊗ g2 ⊗ T,
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... . . .
e2k−1 7→ g1 ⊗ T ⊗ . . .⊗ T ⊗ T ⊗ T,
e2k 7→ g2 ⊗ T ⊗ . . .⊗ T ⊗ T ⊗ T,
and, if n = 2k + 1,
e2k+1 7→ i T ⊗ T ⊗ . . .⊗ T ⊗ T ⊗ T.
The vectors
u+1 =
1√
2
(1,−i) and u−1 = 1√
2
(1, i),
form a unitary basis of C2 with respect to the standard Hermitian product. Thus,
{uε1,...,εk = uε1 ⊗ . . .⊗ uεk | εj = ±1, j = 1, . . . , k},
is a unitary basis of ∆n = C
2k with respect to the naturally induced Hermitian product. We will denote inner
and Hermitian products (as well as Riemannian and Hermitian metrics) by the same symbol 〈·, ·〉 trusting
that the context will make clear which product is being used.
By means of κ we have Clifford multiplication
µn : R
n ⊗∆n −→ ∆n
x⊗ φ 7→ µn(x ⊗ φ) = x · φ := κ(x)(φ).
A quaternionic structure α on C2 is given by
α
(
z1
z2
)
=
( −z2
z1
)
,
and a real structure β on C2 is given by
β
(
z1
z2
)
=
(
z1
z2
)
.
Following [1, p. 31], the real and quaternionic structures γn on ∆n = (C
2)⊗[n/2] are built as follows
γn = (α⊗ β)⊗2k if n = 8k, 8k + 1 (real),
γn = α⊗ (β ⊗ α)⊗2k if n = 8k + 2, 8k + 3 (quaternionic),
γn = (α⊗ β)⊗2k+1 if n = 8k + 4, 8k + 5 (quaternionic),
γn = α⊗ (β ⊗ α)⊗2k+1 if n = 8k + 6, 8k + 7 (real).
The Spin group Spin(n) ⊂ Cln is the subset
Spin(n) = {x1x2 · · ·x2l−1x2l | xj ∈ Rn, |xj | = 1, l ∈ N},
endowed with the product of the Clifford algebra. It is a Lie group and its Lie algebra is
spin(n) = span{eiej | 1 ≤ i < j ≤ n}.
The restriction of κ to Spin(n) defines the Lie group representation
κn := κ|Spin(n) : Spin(n) −→ GL(∆n),
which is, in fact, special unitary. We have the corresponding Lie algebra representation
κn∗ : spin(n) −→ gl(∆n).
Both representations can be extended to tensor powers ∆⊗mn , m ∈ N, in the usual way.
Recall that the Spin group Spin(n) is the universal double cover of SO(n), n ≥ 3. For n = 2 we consider
Spin(2) to be the connected double cover of SO(2). The covering map will be denoted by
λn : Spin(n)→ SO(n) ⊂ GL(Rn).
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Its differential is given by λn∗(eiej) = 2Eij , where Eij = e
∗
i ⊗ ej − e∗j ⊗ ei is the standard basis of the
skew-symmetric matrices, and e∗ denotes the metric dual of the vector e. Furthermore, we will abuse the
notation and also denote by λn the induced representation on the exterior algebra
∧∗
Rn.
The Clifford multiplication µn is skew-symmetric with respect to the Hermitian product
〈x · φ1, φ2〉 = 〈µn(x⊗ φ1), φ2〉 = −〈φ1, µn(x⊗ φ2)〉 = −〈φ1, x · φ2〉 , (1)
is Spin(n)-equivariant and can be extended to a Spin(n)-equivariant map
µn :
∧∗
(Rn)⊗∆n −→ ∆n
ω ⊗ ψ 7→ ω · ψ.
2.2 Spinorially twisted spin groups and representations
We define the twisted Spin group Spinr(n) as follows
Spinr(n) = (Spin(n)× Spin(r))/{±(1, 1)} = Spin(n)×Z2 Spin(r),
where r ∈ N and r ≥ 2, which fit into exact sequences
1 −→ Z2 −→ Spinr(n) λn×λr−−−−→ SO(n)× SO(r) −→ 1,
where
λn × λr : Spinr(n) −→ SO(n)× SO(r)
[g, h] 7→ (λn(g), λr(h)).
We will call r the rank of the twisting. Note that the groups Spin2(n) = Spinc(n) and Spin3(n) = Spinq(n).
The Lie algebra of Spinr(n) is
spin
r(n) = spin(n)⊕ spin(r).
Consider the representations
κn ⊗ κmr : Spinr(n) −→ GL(∆n ⊗∆⊗mr )
[g, h] 7→ κn(g)⊗ κmr (h),
where m ∈ N, which are unitary with respect to the Hermitian metric, and the map
µn ⊗ µr :
(∧∗
R
n ⊗R
∧∗
R
r
)
⊗R (∆n ⊗∆r) −→ ∆n ⊗∆r
(w1 ⊗ w2)⊗ (ψ ⊗ ϕ) 7→ (w1 ⊗ w2) · (ψ ⊗ ϕ) = (w1 · ψ)⊗ (w2 · ϕ).
As in the untwisted case, µn ⊗ µr is an equivariant homomorphism of Spinr(n) representations. Note that
we can also take tensor products with more copies of ∆r as follows
µar := Id
⊗a−1
∆r
⊗ µr ⊗ Id⊗m−a∆r :
∧∗
R
r ⊗R ∆mr −→ ∆mr
(β) ⊗ (ϕ1 ⊗ · · · ⊗ ϕm) 7→ ϕ1 ⊗ · · · ⊗ (µr(β ⊗ ϕa))⊗ · · · ⊗ ϕm,
with Clifford multiplication tanking place only in the a-th factor. We will also write
µar(β ⊗ ϕ1 ⊗ · · · ⊗ ϕm) = µar(β) · (ϕ1 ⊗ · · · ⊗ ϕm).
Notice that
κmr∗(fkfl)(ϕ1 ⊗ · · · ⊗ ϕm) = (µ1r(fkfl) · ϕ1)⊗ · · · ⊗ ϕm + · · ·+ ϕ1 ⊗ · · · ⊗ (µmr (fkfl) · ϕm). (2)
An element φ ∈ ∆n ⊗∆⊗mr will be called a twisted spinor, or simply a spinor.
Definition 2.1 Let φ ∈ ∆n ⊗∆⊗mr , X,Y ∈ Rn and (f1 . . . , fr) an orthonormal frame of Rr.
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• Let
ηφkl(X,Y ) = Re 〈X ∧ Y · κmr∗(fkfl) · φ, φ〉
be the real 2-form associated to the spinor φ where 1 ≤ k, l ≤ r.
• Define the antisymmetric endomorphism ηˆφkl ∈ End−(Rn) by
X 7→ ηˆφkl(X) := (Xyηφkl)♯,
where X ∈ Rn, 1 ≤ k, l ≤ r, y denotes contraction and ♯ denotes metric dualization.
In fact, for any ξ ∈ ∧2(Rn)∗, we define ξˆ ∈ End−(Rn) by
ξˆ : Rn −→ Rn
x 7→ ξˆ(x) := (xyξ)♯.
Lemma 2.1 Let φ ∈ ∆n⊗∆⊗mr , X,Y ∈ Rn, (f1 . . . , fr) an orthonormal basis of Rr and 1 ≤ k, l ≤ r. Then
Re 〈κmr∗(fkfl) · φ, φ〉 = 0, (3)
Re 〈X ∧ Y · φ, φ〉 = 0, (4)
Im 〈X ∧ Y · κmr∗(fkfl) · φ, φ〉 = 0, (5)
Re 〈X · φ, Y · φ〉 = 〈X,Y 〉 |φ|2, (6)
Proof. By using (1) repeatedly
〈µar(fkfl) · φ, φ〉 = −〈µar(fkfl)φ, φ〉,
so that (3) follows from (2).
For identity (4), recall that for X,Y ∈ Rn
X ∧ Y = X · Y + 〈X,Y 〉 .
Thus
〈X ∧ Y · φ, φ〉 = −〈X ∧ Y · φ, φ〉.
Identities (5) and (6) follow similarly. ✷
Remarks.
• For k 6= l,
ηφkl = −ηφlk.
• By (4),
ηkk ≡ 0.
• By (5), if k 6= l,
ηφkl(X,Y ) = 〈X ∧ Y · κmr∗(fkfl) · φ, φ〉 .
• Note that, depending on the spinor, such 2-forms can actually be identically zero.
Lemma 2.2 Any spinor φ ∈ ∆n ⊗∆⊗mr defines two maps (extended by linearity)∧2
R
r −→
∧2
R
n
fkfl 7→ ηφkl,
and ∧2
R
r −→ End(Rn)
fkfl 7→ ηˆφkl.
✷
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2.3 Spinorially twisted spin structures on oriented Riemannian manifolds
Definition 2.2 Let M be an oriented n-dimensional Riemannian manifold, PSO(M) be its principal bundle
of orthonormal frames and r ∈ N, r ≥ 2. A Spinr(n) structure on M consists of an auxiliary principal
SO(r)-bundle PSO(r) and a principal Spin
r(n)-bundle PSpinr(n) together with an equivariant 2 : 1 covering
map
Λ : PSpinr(n) −→ PSO(M)×˜PSO(r),
where ×˜ denotes the fibered product, such that Λ(pg) = Λ(p)(λn × λr)(g) for all p ∈ PSpinr(n) and g ∈
Spinr(n), where λn × λr : Spinr(n) −→ SO(n)× SO(r) denotes the canonical 2-fold cover.
A manifold M admitting a Spinr(n) structure will be called a Spinr manifold.
Remark. A Spinr manifold with trivial PSO(r) auxiliary bundle is a Spin manifold. Conversely, any
Spin manifold admits Spinr(n) structures with trivial PSO(r) via the inclusion Spin(n) ⊂ Spinr(n) given by
the elements [g, 1]
Remark. A Spinr manifold has the following associated vector bundles:
TM = PSpinr(n) ×λn×λr (Rn × {0}),
F = PSpinr(n) ×λn×λr ({0} × Rr),
S(TM)⊗ S(F )⊗m = PSpinr(n) ×κn⊗κmr (∆n ⊗∆⊗mr ),
where the last bundle is globally defined if M and m satisfy certain conditions. Indeed, S(TM)⊗ S(F )⊗m
is defined if one of the following options holds:
• M is a non-Spin Spinr manifold and m is odd. The structure group under consideration is Spinr(n).
• BothM and F admit Spin structures, andm ∈ N. The structure group under consideration is Spin(n)×
Spin(r), so that we can consider all representations of the product group.
• M is Spin, F is not Spin, and m must be even. In this case, the representation ∆⊗mr must factor
through SO(r) in order to get a globally defined bundle. Thus, the structure group we need to consider
is Spin(n) × SO(r). Although this case falls outside the definition of Spinr structure, we will still
consider it since one can still work with twisted spinors and twisted Dirac operators.
Example. Let r = ak + bl, a, b ∈ N and consider the real Grassmannians of oriented subspaces
Grk(R
k+l) =
SO(k + l)
SO(k)× SO(l) .
There exists a homomorphism SO(k)×SO(l)→ Spinr(kl) providing a homogeneous Spinr(kl)-structure on
the real Grassmannian Grk(R
k+l) if
a ≡ l (mod 2),
b ≡ k (mod 2).
2.4 Covariant derivatives on spinorially twisted Spin bundles
Let M be a Spinr n-dimensional manifold and F its auxiliary Riemannian vector bundle of rank r. Assume
F is endowed with a covariant derivative ∇F (or equivalently, that PSO(F ) is endowed with a connection
1-form θ) and denote by ∇ the Levi-Civita covariant derivative on M . These two derivatives induce the
spinor covariant derivative
∇θ : Γ(S(TM)⊗ S(F )⊗m) −→ Γ(T ∗M ⊗ S(TM)⊗ S(F )⊗m)
∇θ(ψ ⊗ ϕ) = d(ψ ⊗ ϕ) +

1
2
∑
1≤i<j≤n
ωji ⊗ eiej · ψ

⊗ ϕ+ ψ ⊗

1
2
∑
1≤k<l≤r
θkl ⊗ κmr∗(fkfl) · ϕ

 ,
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where ψ ⊗ ϕ ∈ Γ(S(TM) ⊗ S(F )⊗m), (e1, . . . , en) and (f1, . . . , fr) are a local orthonormal frames of TM
and F resp., and ωij and θkl are the local connection 1-forms for TM (Levi-Civita) and F respectively.
From now on, we will omit the upper and lower bounds on the indices, by declaring i and j to be the
indices for the frame vectors of M , and k and l to be the indices for the local frame sections of F . Now, for
any tangent vectors X,Y ∈ TxM ,
Rθ(X,Y )(ψ ⊗ ϕ) =

1
2
∑
i<j
Ωij(X,Y )eiej · ψ

⊗ ϕ+ ψ ⊗
[
1
2
∑
k<l
Θkl(X,Y )κ
m
r∗(fkfl) · ϕ
]
, (7)
where
Ωij(X,Y ) =
〈
RM (X,Y )(ei), ej
〉
and Θkl(X,Y ) =
〈
RF (X,Y )(fk), fl
〉
.
For X,Y vector fields and φ ∈ Γ(S(TM)⊗ S(F )⊗m) a spinor field, we also have the compatibility of the
covariant derivative with Clifford multiplication,
∇θX(Y · φ) = (∇XY ) · φ+ Y · ∇θXφ.
2.5 Twisted differential operators
In order to simplify notation, let S = S(TM)⊗ S(F )⊗m and φ ∈ Γ(S).
Definition 2.3 The twisted Dirac operator is the first order differential operator /∂θ = /∂θ,m : Γ(S) −→ Γ(S)
defined by
/∂θ(φ) =
n∑
i=1
ei · ∇θei(φ).
We will generally use the notation /∂θ, and will use the notation /∂θ,m whenever we want to emphasize which
tensor power is involved in the twisted vector bundle being considered.
Remark. The twisted Dirac operator /∂θ is well-defined and formally self-adjoint on compact manifolds.
Moreover, if h ∈ C∞(M), φ ∈ Γ(S), we have
/∂θ(hφ) = grad(h) · φ+ h/∂θ(φ).
The proofs of these facts are analogous to those for the Spinc Dirac operator [1].
Definition 2.4 The twisted spin connection Laplacian is the second order differential operator ∆ : Γ(S)→
Γ(S) defined as
∆θ(φ) = −
n∑
i=1
∇θei∇θei(φ) −
n∑
i=1
div(ei)∇θei(φ).
3 Curvature identities, special spinors and twisted Dirac opera-
tor’s eigenvalue estimates
Throughout this section, let M be a Spinr n-dimensional manifold, m ∈ N, such that S = S(TM)⊗S(F )⊗m
is globally defined, (e1, ..., en) and (f1, ..., fr) be local orthonormal frames of TM and F respectively.
3.1 Curvature calculations
Proposition 3.1 For X ∈ Γ(TM) and φ ∈ Γ(S), we have
n∑
i=1
ei ·Rθ(X, ei)(φ) = −1
2
Ric(X) · φ+ 1
2
∑
k<l
(XyΘkl) · κmr∗(fkfl) · φ. (8)
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Proof. By (7), if φ = ψ ⊗ ϕ,
Rθ(X, eα)(ψ ⊗ ϕ) =

1
2
∑
i<j
Ωij(X, eα)eiej · ψ

⊗ ϕ+ ψ ⊗
[
1
2
∑
k<l
Θkl(X, eα)κ
m
r∗(fkfl) · ϕ
]
.
Multiply by eα and sum over α
∑
α
eα ·Rθ(X, eα)(ψ ⊗ ϕ) =

1
2
∑
α
∑
i<j
Ωij(X, eα)eαeiej · ψ

⊗ ϕ+ 1
2
∑
k<l
[∑
α
Θkl(X, eα)eα · ψ
]
⊗ κmr∗(fkfl) · ϕ.
The term
1
2
∑
α
∑
i<j
Ωij(X, eα)eαeiej = −1
2
Ric(X)
(cf. [1]). The second term
1
2
∑
k<l
[∑
α
Θkl(X, eα)eα · ψ
]
⊗ κlr∗(fkfl) · ϕ =
1
2
∑
k<l
(XyΘkl) · κmr∗(fkfl) · (ψ ⊗ ϕ).
✷
Proposition 3.2 Let φ ∈ Γ(S). Then
∑
i,j
eiej · Rθ(ei, ej)(φ) = R
2
φ+
∑
k<l
Θkl · κmr∗(fkfl) · φ, (9)
where
Θkl =
∑
i<j
Θkl(ei, ej)ei ∧ ej .
Proof. By (8),
n∑
j=1
ej ·Rθ(ei, ej)(φ) = −1
2
Ric(ei) · φ+ 1
2
∑
j
∑
k<l
Θkl(ei, ej)ej · κmr∗(fkfl) · φ,
By multiplying with ei and summing over i, we get
∑
i,j
eiej ·Rθ(ei, ej)(φ) = −1
2
∑
i
ei ·Ric(ei) · φ+ 1
2
∑
k<l

∑
i,j
Θkl(ei, ej)eiej

 · κmr∗(fkfl) · φ.
Now,
−
∑
i
ei · Ric(ei) = R,
where R denotes the scalar curvature of M , and for k and l fixed,∑
i,j
Θkl(ei, ej)eiej = 2
∑
i<j
Θkl(ei, ej)eiej = 2Θkl.
✷
Now, let us denote
Θ =
∑
k<l
Θkl ⊗ fkfl ∈
∧2
T ∗M ⊗∧2F,
8
Θˆ =
∑
k<l
Θˆkl ⊗ fkfl ∈ End−(TM)⊗
∧2
F,
and
ηφ =
∑
k<l
ηφkl ⊗ fkfl ∈
∧2
T ∗M ⊗
∧2
F,
ηˆφ =
∑
k<l
ηˆφkl ⊗ fkfl ∈ End−(TM)⊗
∧2
F.
In order to simplify notation, we define〈
Θ, ηφ
〉
0
=
∑
k<l
∑
i<j
Θkl(ei, ej)η
φ
kl(ei, ej),〈
Θˆ, ηˆφ
〉
1
=
∑
k<l
tr(Θˆkl(ηˆ
φ
kl)
T ).
3.2 Parallel spinors
Definition 3.1 A spinor φ ∈ Γ(S) is said to be parallel if
∇θXφ = 0
for all X ∈ Γ(TM).
Theorem 3.1 Let φ ∈ Γ(S) be a non-zero parallel spinor. Then
1. The spinor φ has non-zero constant length and no zeros.
2. The Ricci tensor decomposes as follows
Ric =
1
|φ|2
∑
k<l
ηˆφkl ◦ Θˆkl =
1
|φ|2
∑
k<l
Θˆkl ◦ ηˆφkl.
3. The scalar curvature is given by
R =
1
|φ|2
∑
k<l
tr(Θˆkl ◦ ηˆφkl) = −
1
|φ|2
〈
ηˆφ, Θˆ
〉
1
.
4. If the connection on the auxiliary bundle F is flat, then M is Ricci-flat.
5. If the parallel spinor φ is such that ηφkl = 0 for all 1 ≤ k < l ≤ r, then the manifold M is Ricci-flat.
Proof. Since the spinor φ is parallel
X |φ|2 = 〈∇θXφ, φ〉+ 〈φ,∇θXφ〉 = 0.
Thus, a non-trivial parallel spinor has constant length and no zeros.
Since φ is parallel, the left hand side of (8) is zero and
Ric(ej) · φ =
∑
k<l
n∑
s=1
Θkl(ej , es)es · κmr∗(fkfl) · φ.
By taking the real part of the hermitian inner product with ei · φ,
Re 〈Ric(ej) · φ, ei · φ〉 = 〈Ric(ej), ei〉 |φ|2
= |φ|2Ricij
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On the other hand,
〈Ric(ej) · φ, ei · φ〉 =
∑
k<l
n∑
s=1
Θkl(ej , es) 〈es · κmr∗(fkfl) · φ, ei · φ〉
= −
∑
k<l
∑
s
Θkl(ej , es)η
φ
kl(ei, es)
=
∑
k<l
(ηˆφkl ◦ Θˆkl)ij .
Hence, the Ricci endomorphism satisfies
|φ|2Ric =
∑
k<l
ηˆφkl ◦ Θˆkl
=
∑
k<l
Θˆkl ◦ ηˆφkl,
where the last equality is due to the symmetry of Ric and the skew-symmetry of both Θˆkl and ηˆ
φ
kl. ✷
Example of a parallel twisted spinor
Consider the subgroup
H := {[g, g] ∈ Spin(n)×Z2 Spin(n) | g ∈ Spin(n)} ⊂ Spin(n)×Z2 Spin(n).
Clearly, H is isomorphic to SO(n), and the following diagram commutes
Spin(n)×Z2 Spin(n)
ր ↓
H ∼= SO(n) −→ SO(n)× SO(n)
.
Proposition 3.3 Every Riemannian manifold admits a spinorially twisted spin structure such that an as-
sociated spinor bundle admits a parallel spinor field.
Proof. Let M be a Riemannian n-dimensional manifold. Clearly, whether or not M is Spin, it admits
the twisted spin structure given by
PSpinn(n)
↓
PSO(M)×˜PSO(M)
,
where PSO(M) denotes the principal bundle of orthonormal frames ofM . Furthermore, by the diagram above
we have a reduction of structure
PSpinn(n)
ր ↓
PSO(M) −→ PSO(M)×˜PSO(M)
,
in such a way that the twisted spinor vector bundle ∆n ⊗∆n can be seen as an associated vector bundle to
PSO(M), which is a well known fact.
Let B be the unitary basis of ∆n described in Section 2 and γn be the corresponding real or quaternionic
structure of ∆n. We claim that the spinor
φ0 :=
∑
ψ∈B
ψ ⊗ γn(ψ)
=
∑
(ε1,...,ε[n/2])∈{1,−1}×[n/2]
C(n, ε1, . . . , ε[n/2]) uε1,...,ε[n/2] ⊗ u−ε1,...,−ε[n/2]
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is invariant under H ∼= SO(n), where
C(n; ε1, . . . , ε4k) = (−1)k+ 12
∑2k
j=1(ε2j−1+1) if n = 8k, 8k + 1,
C(n; ε1, . . . , ε4k+1) = i(−1)k+ 12
∑2k+1
j=1 (ε2j−1+1) if n = 8k + 2, 8k + 3,
C(n; ε1, . . . , ε4k+2) = (−1)k+
1
2
∑2k+1
j=1 (ε2j−1+1) if n = 8k + 4, 8k + 5,
C(n; ε1, . . . , ε4k+3) = i(−1)k+ 12
∑2k+2
j=1 (ε2j−1+1) if n = 8k + 6, 8k + 7.
We will prove the invariance by means of the Lie algebra Lie(H) ∼= so(n). Let us consider the case n = 8k.
Let {e1, . . . , e8k} ⊂ R8k be an ordered orthonormal basis, and {f1, . . . , f8k} ⊂ R8k be the same ordered basis
but renamed since it will refer to the auxiliary twisting bundle. Thus
Lie(H) = span{eiej + fifj ∈ spin(n)⊕ spin(n) | 1 ≤ i < j ≤ n}.
Let us consider one summand in φ0,
ϕ1 := (−1) 12
∑2k
j=1 ε2j−1 uε1,...,ε4k ⊗ u−ε1,...,−ε4k ,
and focus first on
uε1,...,ε4k ⊗ u−ε1,...,−ε4k ,
Recall that for 1 ≤ p ≤ 8k,
ep · uε1,...,ε4k = ip−2[p/2](−1)[(p+1)/2]−1

 4k∏
α=4k−[(p+1)/2]+1+p−2[p/2]
εα

 uε1,...,(−ε4k−[(p+1)/2]+1),...,ε4k .
If we apply epeq to it, with 1 ≤ p < q ≤ n and [(q − 1)/2] > [(p− 1)/2], we get
iq−2[q/2](−1)[(q+1)/2]−1

 4k∏
α=4k−[(q+1)/2]+1+q−2[q/2]
εα


×ip−2[p/2](−1)[(p+1)/2]−1

 4k∏
β=4k−[(p+1)/2]+1+p−2[p/2]
εβ


×uε1,...,(−ε4k−[(q+1)/2]+1),...,(−ε4k−[(p+1)/2]+1),...,ε4k ⊗ u−ε1,...,−ε4k .
Now, let us consider another summand in φ0
ϕ2 := C(8k, ε1, . . . , (−ε4k−[(q+1)/2]+1), . . . , (−ε4k−[(p+1)/2]+1), . . . , ε4k)
× uε1,...,(−ε4k−[(q+1)/2]+1),...,(−ε4k−[(p+1)/2]+1),...,ε4k ⊗ u−ε1,...,(ε4k−[(q+1)/2]+1),...,(ε4k−[(p+1)/2]+1),...,−ε4k ,
and focus first on
uε1,...,(−ε4k−[(q+1)/2]+1),...,(−ε4k−[(p+1)/2]+1),...,ε4k ⊗ u−ε1,...,(ε4k−[(q+1)/2]+1),...,(ε4k−[(p+1)/2]+1),...,−ε4k .
When we apply κ1n∗(fpfq) to it,
iq−2[q/2](−1)[(q+1)/2]−1

 4k∏
α=4k−[(q+1)/2]+1+q−2[q/2]
−εα


×ip−2[p/2](−1)[(p+1)/2]−1

 4k∏
β=4k−[(p+1)/2]+1+p−2[p/2]
−εβ


×(−1)(−1)q+1(−1)p+1
×uε1,...,(−ε4k−[(q+1)/2]+1),...,(−ε4k−[(p+1)/2]+1),...,ε4k ⊗ u−ε1,...,−ε4k .
Now, while the coefficient of epeq · ϕ1 is
C(8k; ε1, . . . , ε4k)
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× iq−2[q/2](−1)[(q+1)/2]−1

 4k∏
α=4k−[(q+1)/2]+1+q−2[q/2]
εα


×ip−2[p/2](−1)[(p+1)/2]−1

 4k∏
β=4k−[(p+1)/2]+1+p−2[p/2]
εβ

 ,
the coefficient of κ1n∗(fpfq) · ϕ2 is
C(8k, ε1, . . . , (−ε4k−[(q+1)/2]+1), . . . , (−ε4k−[(p+1)/2]+1), . . . , ε4k)
×(−1)1+[(q+1)/2]+[(p+1)/2]
× iq−2[q/2](−1)[(q+1)/2]−1

 4k∏
α=4k−[(q+1)/2]+1+q−2[q/2]
εα


×ip−2[p/2](−1)[(p+1)/2]−1

 4k∏
β=4k−[(p+1)/2]+1+p−2[p/2]
εβ

 .
By checking the possible cases in which [(p+1)/2] and [(q+1)/2] are either even or odd, these two coefficients
differ by (−1). Thus
epeq · ϕ1 + κ1n∗(fpfq) · ϕ2 = 0.
Clearly, every summand in φ0 has a unique counterpart as in the previous calculation. All the other possible
cases for values and parities of n, p and q are similar. Hence Lie(H) ∼= so(n) annihilates φ0. ✷
Proposition 3.4 The 2-forms associated to φ0 are multiples of the elements of the stanfard basis of so(n),
i.e.
ηφ0pq = 2
[n/2] ep ∧ eq.
Proof. Notice that
φ0 =
∑
(ε1,...,ε[n/2])∈{1,−1}×[n/2]
C(n, ε1, . . . , ε[n/2]) uε1,...,ε[n/2] ⊗ u−ε1,...,−ε[n/2] .
is orthogonal to any spinor orthogonal to
V0 = span{uε1,...,ε[n/2] ⊗ u−ε1,...,−ε[n/2] | (ε1, . . . , ε[n/2]) ∈ {1,−1}×[n/2]}.
Thus, for p < q, s < t, (p, q) 6= (s, t),
ηφ0st (ep, eq) =
〈
epeq · κ1n∗(fsft) · φ0, φ0
〉
= 0,
since each one of the summands in epeq · κ1n∗(fsft) · φ0 is orthogonal to V0.
On the other hand, if (p, q) = (s, t) with 1 ≤ p < q ≤ n, [(q − 1)/2] > [(p− 1)/2], and
ϕ1 := (−1) 12
∑2k
j=1 ε2j−1 uε1,...,ε4k ⊗ u−ε1,...,−ε4k ,
then epeq · κ1n∗(fpfq) · ϕ1 is equal to
(−1)[(p+1)/2]+[(q+1)/2]+ 12
∑2k
j=1 ε2j−1
×uε1,...,(−ε4k−[(q+1)/2]+1),...,(−ε4k−[(p+1)/2]+1),...,ε4k ⊗ u−ε1,...,(ε4k−[(q+1)/2]+1),...,(ε4k−[(p+1)/2]+1),...,−ε4k .
Clearly, this is paired with
ϕ3 = C(8k; ε1, . . . , (−ε4k−[(q+1)/2]+1), . . . , (−ε4k−[(p+1)/2]+1), . . . , ε4k)
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uε1,...,(−ε4k−[(q+1)/2]+1),...,(−ε4k−[(p+1)/2]+1),...,ε4k ⊗ u−ε1,...,(ε4k−[(q+1)/2]+1),...,(ε4k−[(p+1)/2]+1),...,−ε4k
in the hermitian product, so that 〈
epeq · κ1n∗(fpfq) · ϕ1, ϕ3
〉
= 1,
for all possible cases in which [(p+ 1)/2] and [(q + 1)/2] are either even or odd. Furthermore, all the other
cases for values and parities of n, p and q are similar. Since φ0 is made up of 2
[n/2] summands which satisfy
the previous arguments,
ηψ0pq (es, et) = 2
[n/2] (δpsδqt − δptδqs).
✷
Let us now check our curvature formulas on this example. Formula (7) becomes
Rθ(X,Y )(φ0) =
1
2
∑
1≤i<j≤n
Ωij(X,Y )eiej · φ0 + 1
2
∑
1≤k<l≤n
Θkl(X,Y )κ
1
n∗(fkfl) · φ0
=
1
2
∑
i<j
〈
RM (X,Y )(ei), ej
〉
eiej · φ0 + 1
2
∑
i<j
〈
RM (X,Y )(ei), ej
〉
κ1n∗(fifj) · φ0
=
1
2
∑
i<j
〈
RM (X,Y )(ei), ej
〉
(eiej + κ
1
n∗(fifj)) · φ0
= 0,
which is consistent with the parallelness of φ0, and
∑
1≤k<l≤n
(Ωˆkl ◦ ηˆφ0kl )st =
∑
1≤k<l≤n
n∑
a=1
(Ωˆkl)sa(ηˆ
φ0
kl )at
=
n∑
a=1
∑
1≤k<l≤n
Ωkl(es, ea)η
φ0
kl (ea, et)
= 2[n/2]
n∑
a=1
∑
1≤k<l≤n
〈R(es, ea)ek, el〉 (δkaδlt − δktδla)
= 2[n/2]
(∑
a<t
〈R(es, ea)ea, et〉 −
∑
a>t
〈R(es, ea)et, ea〉
)
= 2[n/2]
∑
a
〈R(ea, es)et, ea〉
= 2[n/2]
∑
a
Ricst.
which is consistent with (8).
3.3 Killing spinors
Definition 3.2 A spinor φ ∈ Γ(S) is a Killing spinor if, for every X ∈ Γ(TM),
∇Xφ = µX · φ,
where µ ∈ C.
Proposition 3.5 Let φ ∈ Γ(S) be a non-trivial Killing spinor.
1. φ has no zeros.
2. φ is an eigenspinor of the twisted Dirac operator.
3. If φ is a real Killing spinor, i.e. µ is real, the length of the Killing spinor φ is constant.
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4. If µ is real, then the vector field
V φ =
∑
n
〈ei · φ, φ〉 ei
is a Killing vector field.
The proof is analogous to the one in the Spinc case (cf. [1]). ✷
Theorem 3.2 Let φ ∈ Γ(S) be a real Killing spinor. Then
• The Ricci tensor decomposes as follows
Ric = 4(n− 1)µ2 IdTM + 1|φ|2
∑
k<l
Θˆkl ◦ ηˆφkl.
• The scalar curvature is given by
R = 4n(n− 1)µ2 + 1|φ|2
∑
k<l
tr(Θˆkl ◦ ηˆφkl).
• If the connection on the auxiliary bundle F is flat, then M is Einstein.
• If the Killing spinor φ is such that ηφkl = 0 for all 1 ≤ k < l ≤ r, then the manifold M is Einstein.
Proof. The left hand side of (8) now becomes
n∑
i=1
ei · Rθ(ej , ei)(φ) =
∑
i6=j
ei · µ2(eiej − ejei) · φ
= −2µ2
∑
i6=j
ej · φ
= −2(n− 1)µ2ej · φ.
By taking the real part of the hermitian product with et · φ we get
Re
[−2(n− 1)µ2 〈ej · φ, et · φ〉] = −2(n− 1)µ2 〈ej, et〉 |φ|2
= −2|φ|2(n− 1)µ2δjt.
Hence, by the calculations of the last subsection we have
Ric = 4(n− 1)µ2 IdTM + 1|φ|2
∑
k<l
Θˆkl ◦ ηˆφkl.
✷
3.4 Generalized real Killing spinors
Definition 3.3 A spinor φ ∈ Γ(S) is called a generalized Killing spinor if
∇Xφ = −E(X) · φ
for some symmetric endomorphism E ∈ Γ(End(TM)) and all X ∈ Γ(TM).
In this case, the left hand side of (8) is
n∑
i=1
ei · Rθ(es, ei)(φ) =
n∑
i=1
ei ·Rθ(es, ei)(φ)
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=n∑
i=1
ei · (∇θes∇θei −∇θei∇θes −∇θ[es,ei])φ
=
n∑
i=1
ei · ((∇eiE)(es)− (∇esE)(ei) + E(ei) ·E(es)− E(es) ·E(ei)) · φ
=
∑
i6=s
ei · (d∇E(ei, es) + E(ei) · E(es)− E(es) · E(ei)) · φ,
where
d∇E(X,Y ) = (∇XE)(Y )− (∇Y E)(X).
Now, if the orthonormal frame also diagonalizes E, for i 6= s,
E(ei) ·E(es)− E(es) ·E(ei) = EiiEss(ei · es − es · ei)
= 2EiiEssei · es,
and
ei · (E(ei) ·E(es)− E(es) ·E(ei)) = −2EiiEsses,
so that
∑
i6=s
ei · (E(ei) · E(es)− E(es) · E(ei)) = −2

∑
i6=s
Eii

Esses
= −2tr(E)Esses + 2E2sses
= 2Ess(Ess − tr(E))es.
By taking the real part of the hermitian product with et · φ
Re
〈∑
i6=s
ei · (E(ei) · E(es)− E(es) · E(ei)) · φ, et · φ
〉
= Re 〈2Ess(Ess − tr(E))es · φ, et · φ〉
= 2Ess(Ess − tr(E))Re 〈es · φ, et · φ〉
= 2Ess(Ess − tr(E))δts|φ|2,
which gives the matrix
2|φ|2(E2 − tr(E)E).
On the other hand,∑
i6=s
ei · d∇E(ei, es) =
∑
i6=s
(ei ∧ d∇E(ei, es)−
〈
ei, d
∇E(ei, es)
〉
)
=
∑
i6=s

ei ∧

 n∑
j=1
〈
d∇E(ei, es), ej
〉
ej

− 〈ei, d∇E(ei, es)〉


=
∑
i6=s

 n∑
j=1
〈
d∇E(ei, es), ej
〉
ei ∧ ej −
〈
ei, d
∇E(ei, es)
〉
=
∑
i6=s

∑
j 6=i
〈
d∇E(ei, es), ej
〉
ei · ej −
〈
ei, d
∇E(ei, es)
〉
By taking the real part of the hermitian product with et · φ we get
Re
〈∑
i6=s
ei · d∇E(ei, es) · φ, et · φ
〉
= Re
〈∑
i6=s

∑
j 6=i
〈
d∇E(ei, es), ej
〉
ei · ej −
〈
ei, d
∇E(ei, es)
〉 · φ, et · φ
〉
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= Re
〈∑
i6=s

∑
j 6=i
〈
d∇E(ei, es), ej
〉
ei · ej

 · φ, et · φ
〉
= −
∑
i6=s
∑
j 6=i
〈
d∇E(ei, es), ej
〉
Re 〈et · ei · ej · φ, φ〉
=
∑
i,j
〈
d∇E(es, ei), ej
〉
νφ(et, ei, ej)
=
∑
i,j
〈
(esyd
∇E)(ei), ej
〉
(etyν
φ)(ei, ej)
=
∑
i,j
(esyd
∇E)ji(etyν
φ)ji
=: ((yd∇E)⊛ (yνφ))ts, (10)
where
νφ(et, ei, ej) := Re 〈et · ei · ej · φ, φ〉 . (11)
Thus,
Ricst = −2Ess(Ess − tr(E))δst −
(
yd∇E ⊛ yνφ
)
st
+
∑
k<l
(Θˆkl ◦ ηˆφkl)st,
i.e.
Ric = −2E2 + 2tr(E)E − (yd∇E ⊛ yνφ)+∑
k<l
Θˆkl ◦ ηˆφkl.
and
R = −2tr(E2) + 2tr(E)2 − tr (yd∇E ⊛ yνφ)+∑
k<l
tr(Θˆkl ◦ ηˆφkl).
Thus, we have proved the following.
Theorem 3.3 Let φ ∈ Γ(S) be a generalized Killing spinor. Then
• the Ricci tensor decomposes as follows
Ric = −2E2 + 2tr(E)E − (yd∇E ⊛ yνφ)+∑
k<l
Θˆkl ◦ ηˆφkl,
where
(
yd∇E ⊛ yνφ
)
and νφ are defined as in (10) and (11) respectively;
• the scalar curvature is given by
R = −2tr(E2) + 2tr(E)2 − tr (yd∇E ⊛ yνφ)+∑
k<l
tr(Θˆkl ◦ ηˆφkl).
✷
Remark. These formulas reduce to the previous two cases when E is a multiple of the identity endo-
morphism E = µ IdTM .
3.5 Twisted Schro¨dinger-Lichnerowicz formula
Recall the curvature operator
Θ =
∑
k<l
Θkl ⊗ fkfl ∈
∧2
TM ⊗∧2F
of the connection F , and denote by
Θ˜m = (µn ⊗ κmr∗)(Θ)
16
the corresponding operator on twisted spinor fields. For future use, note the following operator norm in-
equality
|Θ˜m| ≤ m|Θ˜1|,
which follows from (2).
Theorem 3.4 (Twisted Schro¨dinger-Lichnerowicz Formula) Let φ ∈ Γ(S). Then
/∂θ(/∂θ(φ)) = ∆θ(φ) +
R
4
φ+
1
2
Θ˜m · φ (12)
where R is the scalar curvature of the Riemannian manifold M .
Proof. Consider the difference
/∂θ(/∂θ(φ)) −∆θ(φ) =
∑
i,j
ei · ∇θei(ej · ∇θejφ) +
∑
i
∇θei∇θeiφ+
∑
i
div(ei)∇θeiφ
=
∑
i,j
ei · (∇eiej · ∇θeiφ+ ej · ∇θej∇θejφ) +
∑
i
∇θei∇θeiφ+
∑
i
div(ei)∇θeiφ
=
∑
i,j,k
〈∇eiej , ek〉 eiek · ∇θeiφ+
∑
i,j
eiej · ∇θej∇θejφ)
+
∑
i
∇θei∇θeiφ+
∑
i
div(ei)∇θeiφ
=
∑
i
∑
j 6=k
〈∇eiej , ek〉 eiek · ∇θeiφ+
∑
i6=j
eiej · ∇θej∇θejφ),
since ∑
j
∑
i=k
〈∇eiej , ek〉 eiek∇θejφ = −
∑
j
div(ej)∇θejφ.
Now, for fixed j ∑
i6=k
〈∇eiej , ek〉 eiek =
∑
i<k
〈ej, [ek, ei]〉 eiek.
Thus,
/∂θ(/∂θ(φ)) −∆θ(φ) =
∑
j
∑
i<k
〈ej , [ek, ei]〉 eiek · ∇θeiφ+
∑
i<j
eiej · (∇θei∇θej −∇θej∇θei)φ
=
∑
i<j
eiej · (∇θei∇θej −∇θej∇θei −∇θ[ei,ej ])φ
=
1
2
∑
i,j
eiejR
θ(ei, ej)φ.
The result follows from Proposition 9. ✷
3.6 Bochner-type arguments
In this subsection we will prove some corollaries of the Schro¨dinger-Lichnerowicz formula and Bochner type
arguments as in [1, 3, 8]. From here onwards, we will assume that the n-dimensional Riemannian Spinr
manifold M is compact (without border) and connected.
3.6.1 Harmonic spinors
Corollary 3.1 If R ≥ 2m|Θ˜1| everywhere (in point-wise operator norm), and the inequality is strict at a
point, then
ker(/∂θ,m) = 0.
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Furthermore,
ker(/∂θ,m
′
) = 0
for any 0 ≤ m′ ≤ m such that the bundle S(TM)⊗ S(F )⊗m′ is globally defined.
Proof. If φ 6= 0 is a solution of
/∂θ(φ) = 0,
by the twisted Schro¨dinger-Lichnerowicz formula (12)
0 = ∆θ(φ) +
R
4
φ+
1
2
Θ˜m · φ.
By taking hermitian product with φ and integrating over M we get
0 =
∫
M
〈
∆θ(φ), φ
〉
+
∫
M
R
4
〈φ, φ〉 + 1
2
∫
M
〈
Θ˜m · φ, φ
〉
≥
∫
M
|∇θφ|2 + 1
4
∫
M
(
R− 2|Θ˜m|
)
|φ|2
≥
∫
M
|∇θφ|2 + 1
4
∫
M
(
R− 2m|Θ˜1|
)
|φ|2.
Since
R− 2m|Θ˜1| ≥ 0,
then
|∇θφ| = 0,
so that φ is parallel, has non-zero constant length and no zeros. Furthermore, since
R− 2m|Θ˜1| > 0
at some point,
0 ≥ |φ|2
∫
M
(
R− 2m|Θ˜1|
)
> 0,
which is a contradiction.
The last claim now follows from
R ≥ R− 2|Θ˜1| ≥ R− 4|Θ˜1| ≥ · · · ≥ R− 2m|Θ˜1| ≥ 0.
✷
Remarks.
• The last statement of Corollary 3.1 means that if there are no harmonic spinors for a given power due
to the condition on the curvatures R and Θ1, then there are no harmonic spinors for the twisted spinor
bundles with smaller powers of ∆r either.
• One can prove that a compact Riemannian n-dimensional manifold carrying a non-flat parallel even
Clifford structure of rank r (cf. [6]) is a Spinr manifold and carries no harmonic spinors for
m ≤ n+ 8r − 16
r(r − 1) (13)
if the scalar curvature is non-negative.
In particular, the case of rank r = 3 corresponds to quaternion-Ka¨hler manifolds, and Corollary 3.1
and (13) reproduce some of the vanishings of indices of twisted Dirac operators proved (via twistor
transform) in [9].
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Now notice that
〈
Θ˜m · φ, φ
〉
=
〈∑
k<l

∑
i<j
Θkl(ei, ej)eiej

 · κmr∗(fkfl) · φ, φ
〉
=
∑
k<l
∑
i<j
Θkl(ei, ej)η
φ
kl(ei, ej)
=
〈
Θ, ηφ
〉
0
, (14)
which is a real number dependent on the curvature of the connection on F and on the specific spinor φ.
Corollary 3.2 If φ is such that
R|φ|2 + 2 〈Θ, ηφ〉
0
≥ 0
everywhere, and the inequality is strict at a point, then
/∂θ(φ) 6= 0.
Proof. Suppose φ 6= 0 is such that
/∂θ(φ) = 0.
Then, by (12)
0 =
∫
M
〈
∆θ(φ), φ
〉
+
∫
M
R
4
〈φ, φ〉+ 1
2
∫
M
〈
Θ˜ · φ, φ
〉
=
∫
M
|∇θφ|2 + 1
4
∫
M
(
R|φ|2 + 2 〈Θ, ηφ〉
0
)
≥ 0,
so that φ is parallel, has non-zero constant length and no zeros. Since
R|φ|2 + 2 〈Θ, ηφ〉
0
> 0
at some point,
0 ≥
∫
M
(
R|φ|2 + 2 〈Θ, ηφ〉
0
)
> 0
which is a contradiction. ✷
Remark. This corollary means that one can check that a spinor is not harmonic by using the scalar
curvature of the manifold, the curvature operator of the connection on F and the 2-forms associated to the
spinor.
3.6.2 Killing spinors
Corollary 3.3 Suppose φ 6= 0 is a Killing spinor with Killing constant µ. Then µ is either real or imaginary,
and
µ2 ≥ 1
4n2
min
M
(R− 2|Θ˜m|) ≥ 1
4n2
min
M
(R− 2m|Θ˜1|).
If either of the two inequalities is attained, then φ is parallel, i.e. µ = 0.
Proof. Recall that
/∂θ(φ) =
n∑
i=1
ei · ∇θeiφ
= −nµφ.
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Then, by the twisted Schro¨dinger-Lichnerowicz formula (12)
n2µ2φ = ∆θ(φ) +
R
4
φ+
1
2
Θ˜m · φ.
By taking hermitian product with φ and integrating over M we get
n2µ2
∫
M
|φ|2 =
∫
M
|∇θφ|2 +
∫
M
R
4
|φ|2 +
∫
M
1
2
〈
Θ˜m · φ, φ
〉
≥ 1
4
∫
M
(
R− 2|Θ˜m|
)
|φ|2
≥ 1
4
min
M
(R− 2|Θ˜m|)
∫
M
|φ|2
≥ 1
4
min
M
(R− 2m|Θ˜1|)
∫
M
|φ|2,
and the inequalities follow. Since the right hand side of the equality above is a real number, µ must be either
real or imaginary.
Now, if either of the inequalities is attained,∫
M
|∇θφ|2 = 0 and ∇θφ = 0.
✷
Corollary 3.4 Suppose φ 6= 0 is a real Killing spinor with Killing constant µ. Then,
µ2 ≥ 1
4n2vol(M)
∫
M
[
R +
2
|φ|2
〈
Θ, ηφ
〉
0
]
,
and
µ2 ≥ 1
4n|φ|2vol(M)
∫
M
2
〈
Θ, ηφ
〉
0
−
〈
Θˆ, ηˆφ
〉
1
.
Proof. By the twisted Schro¨dinger-Lichnerowicz formula (12)
n2µ2φ = ∆θ(φ) +
R
4
φ+
1
2
Θ˜m · φ.
By taking hermitian product with φ and integrating we get
n2µ2
∫
M
|φ|2 =
∫
M
〈
∆θ(φ), φ
〉
+
∫
M
R
4
〈φ, φ〉 + 1
2
∫
M
〈
Θ˜m · φ, φ
〉
,
≥ 1
4
∫
M
R|φ|2 + 2 〈Θ, ηφ〉
0
.
Since |φ| is a non-zero constant
µ2 ≥ 1
4n2|φ|2vol(M)
∫
M
[
R|φ|2 + 2 〈Θ, ηφ〉
0
]
=
1
4n2|φ|2vol(M)
∫
M
[
4n(n− 1)µ2|φ|2 −
〈
Θˆ, ηˆφ
〉
1
+ 2
〈
Θ, ηφ
〉
0
]
=
(n− 1)µ2
n
+
1
4n2|φ|2vol(M)
∫
M
2
〈
Θ, ηφ
〉
0
−
〈
Θˆ, ηˆφ
〉
1
,
where we have used Theorem 3.2. ✷
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3.6.3 Dirac eigen-spinors
Corollary 3.5 Suppose φ is a Dirac eigenspinor
/∂θφ = λφ.
for some λ ∈ R.Then
λ2 ≥ n
4(n− 1)
(
min
M
(R− 2|Θ˜m|)
)
≥ n
4(n− 1)
(
min
M
(R− 2m|Θ˜1|)
)
.
If either of the lower bounds is non-negative and is attained, the spinor φ is a real Killing spinor with Killing
constant
µ = ±1
2
√
1
n(n− 1) minM (R− 2|Θ˜
m|) or µ = ±1
2
√
1
n(n− 1) minM (R− 2m|Θ˜
1|),
respectively.
Proof. Following [1], let h : M −→ R be a fixed smooth function. Consider the following metric connection
on the twisted spin bundle
∇hXφ = ∇θXφ+ hX · φ.
Let
∆h(φ) = −
n∑
i=1
∇hei∇heiφ−
∑
i=1
div(ei)∇heiφ,
be the Laplacian for this connection and recall that
|∇hφ|2 =
n∑
i=1
|∇θeiφ+ hei · φ|2.
Then, by (12)
(/∂θ − h) ◦ (/∂θ − h)(φ) = /∂θ(/∂θφ)− 2h/∂θφ− grad(h) · φ+ h2φ
= ∆θ(φ) +
R
4
φ+
1
2
Θ˜m · φ− 2h/∂θφ− grad(h) · φ+ h2φ.
On the other hand,
∆hφ = ∆θφ− 2h/∂θφ− grad(h) · φ+ h2φ.
Thus
(/∂θ − h) ◦ (/∂θ − h)(φ) = ∆h(φ) + R
4
φ+
1
2
Θ˜m · φ+ (1− n)h2φ
By using /∂θφ = λφ, setting h = λn , taking hermitian product with φ and integrating over M we get
λ2
(
n− 1
n
)2 ∫
M
|φ|2 =
∫
M
|∇λ/nφ|2 + λ2 1− n
n2
∫
M
|φ|2 +
∫
M
R
4
|φ|2 +
∫
M
1
2
〈
Θ˜m · φ, φ
〉
so that
λ2
(
n− 1
n
)∫
M
|φ|2 =
∫
M
|∇λ/nφ|2 +
∫
M
R
4
|φ|2 +
∫
M
1
2
〈
Θ˜m · φ, φ
〉
≥ 1
4
min
M
(R− 2|Θ˜m|)
∫
M
|φ|2
≥ 1
4
min
M
(R− 2m|Θ˜1|)
∫
M
|φ|2,
and
λ2 ≥ n
4(n− 1) minM (R− 2|Θ˜
m|) ≥ n
4(n− 1) minM (R− 2m|Θ˜
1|).
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If either of the lower bounds is attained, ∫
M
|∇λ/nφ|2 = 0,
i.e.
∇λ/nφ = 0.
✷
Now, let E ∈ End(TM) be a fixed symmetric endomorphism and consider the following metric connection
on the twisted spin bundle
∇EXφ = ∇Xφ+ E(X) · φ.
Let
∆E(φ) = −
n∑
i=1
∇Eei∇Eei(φ) −
∑
i=1
div(ei)∇Eei (φ),
be this connection’s Laplacian and
|∇Eφ|2 =
n∑
i=1
|∇eiφ+ E(ei) · φ|2
=
n∑
i=1
|∇eiφ|2 − 2Re 〈E(ei) · ∇eiφ, φ〉 + |E(ei)|2|φ|2
= |∇φ|2 + |E|2|φ|2 − 2Re
n∑
i=1
〈E(ei) · ∇eiφ, φ〉 . (15)
On the complement of the zero set of a spinor φ, we can define a symmetric bilinear form Qφ by
Qφ(X,Y ) =
1
2
Re
〈
X · ∇θY φ+ Y · ∇θXφ,
φ
|φ|2
〉
The associated field of quadratic forms gives
Qφ(ei) = Re
〈
ei · ∇θeiφ,
φ
|φ|2
〉
and
tr(Qφ) = Re
〈
/∂θφ,
φ
|φ|2
〉
If φ 6= 0 is a Dirac spinor /∂θ(φ) = λφ, then
tr(Qφ) = λ.
So, let us take
E(X) = (XyQφ)
♯
=
n∑
i=1
Qφ(X, ei)ei
= ℓφ(X),
the so-called energy-momentum tensor of φ. Then, we can examine further the second and third summands
of the identity (15) which now looks as follows
|∇ℓφφ|2 = |∇φ|2 + |ℓφ|2|φ|2 − 2Re
n∑
i=1
〈
ℓφ(ei) · ∇eiφ, φ
〉
.
On the one hand,
|ℓφ|2 =
n∑
i=1
|ℓφ(ei)|2 =
n∑
i,j=1
Qφ(ei, ej)
2,
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and on the other,
−2Re
n∑
i=1
〈
ℓφ(ei) · ∇eiφ, φ
〉
= −2Re
n∑
i=1
〈 n∑
j=1
Qφ(ei, ej)ej

 · ∇eiφ, φ
〉
= −2|φ|2
n∑
i,j=1
Qφ(ei, ej)
2.
Thus,
|∇φ|2 = |∇ℓφφ|2 + |ℓφ|2|φ|2,
so that ∫
M
|/∂θφ|2 =
∫
M
|∇ℓφφ|2 + |ℓφ|2|φ|2 + R
4
|φ|2 + 1
2
〈
Θ˜m · φ, φ
〉
.
Since φ is a Dirac eigenspinor with eigenvalue λ,
λ2
∫
M
|φ|2 ≥
∫
M
|ℓφ|2|φ|2 + R
4
|φ|2 + 1
2
〈
Θ˜m · φ, φ
〉
≥ min
M
(
|ℓφ|2 + R
4
− 1
2
|Θ˜m|
)∫
M
|φ|2
≥ min
M
(
|ℓφ|2 + R
4
− m
2
|Θ˜1|
)∫
M
|φ|2.
i.e.
λ2 ≥ min
M
(
|ℓφ|2 + R
4
− 1
2
|Θ˜m|
)
≥ min
M
(
|ℓφ|2 + R
4
− m
2
|Θ˜1|
)
.
If the lower bound is attained, ∫
M
|∇ℓφφ|2 = 0 and ∇ℓφφ = 0,
i.e.
∇Xφ = −ℓφ(X) · φ
for all X ∈ Γ(TM). Furthermore, since ∇ℓφ is compatible with the metric, |φ| is constant.
Thus, we have proved the following.
Corollary 3.6 Suppose φ 6= 0 is a Dirac eigenspinor
/∂θφ = λφ.
Then
λ2 ≥ min
M
(
|ℓφ|2 + R
4
− 1
2
|Θ˜m|
)
≥ min
M
(
|ℓφ|2 + R
4
− m
2
|Θ˜1|
)
,
where ℓφ is the energy-momentum tensor of φ. If either of the lower bounds is non-negative and is attained,
φ has constant length and no zeros, and is a generalized Killing spinor with symmetric endomorphism ℓφ,
i.e.
∇Xφ = −ℓφ(X) · φ
for all X ∈ Γ(TM).
✷
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